Simultaneous Differential Equations


The Reduction of a System to a Single Equation

Assume that two or more variables depend on the same independent variable:

Ie:
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Also assume that there is the same number of differential equations known in the system as there are dependent variables:
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Where all the coefficients are constants.

This can be written with different notation where D=d/dt as:
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or again using a differential polynomial notation:
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Multiplying the top equation by P21 and the bottom equation by P11:
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now subtracting the bottom equation from the top to get:
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or using the determinants of matrices than this can be shown as:
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(1)

It must be remembered that D operates on any independent variable it multiplies on when taking the determinants of the matrice.  Oh, and those periods don’t mean anything I just couldn’t space using Microsoft Equation 3.0. 

Similarly it cn be shown that:
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(2)

If there is more than 2 dependent variables than the reduction equations follow the same format just with bigger matrices.  This is very similar to Cramers rule in matrices and the equations can easily be remembered by remembering Cramers rule.

These equations to solve the differential equations will have to many constants.  Therefore it is required that there only be as many constants as the highest order differential in the determinant of the matrix.  The constants can be solved in terms of each other by plugging the solutions back into the differential equations.

Example 1

Solve the following system of differential equations:
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First we will solve for x by using Equation 2
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Taking the Determinants of the matrix to get:
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First finding the Complementary solution for x(t)
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And also solving for the particular solution for x(t)

Let
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Therefore
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and the solution for the dependant variable x(t) is:
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We now use Equation 1 to solve for y(t):
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We will notice here that if this is done right the complementary solutions for x(t) will be the same as the complementary solutions for y(t) just with different constants.

Therefore
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The particular solution can be found as:
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Therefore
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and
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These equations are not done yet since we first note that the determinant of the differential matrix only yielded a maximum order differential of two therefore there can only be two independent constants in a complete solution.  To solve for the constants in terms of each other just sub the equations back into the original equations.

Using the first equation:
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A cross check at this point is to make sure the left side is equal to the right side in every term except for terms with constants.

Therefore adding the like terms(Cos3t) to receive:
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and also with Sin3t:
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Subbing one equation into the other to receive:
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and finally the solutions to this equation can be written as:
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I’m only doing one example because it’s to damn long.

Extra problems on next page:  Questions taken from Wylie “Advanced Engineering Mathematics” Fourth Edition

#1)
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#2)
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