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1.  INTRODUCTION

We wish herein to present a description of the ‘Spin Hamiltonian’, a concept most useful in magnetic resonance spectroscopy, and to delineate its history.  Both the noun and the noun-adjective in the name merit some introductory discussion.
A.  HAMILTON and the Hamiltonian

Sir William Rowan Hamilton was born at midnight on 3/4 August 1805, in Dublin.  He was a multi-lingual child prodigy, and at the age of 16 years detected a flaw in the reasoning used by Laplace in his “Traite de mécanique céleste”, of which he had read the 5 volumes, as well as Newton’s “Principia”.  Hamilton already in 1827 became the Andrews’ Professor of Astronomy at Trinity College – Dublin, and Royal Astronomer of Ireland.  He reformulated analytical mechanics on the basis of his now-famous canonical energy function [H1834], and also discovered quaternions, basing them on use of the square-root of –1.  The latter represent a break with tradition, involving the surrender of the commutative law of multiplication.  He also pioneered in realizing that an analogy exists between the rays associated with a moving wave and the trajectories of particles, later postulated also for massive matter by De Broglie.  Sir Hamilton died in Dunsink on 2 September 1865 after some decades of living as a virtual recluse, possibly due to an occasionally intemperate life-style [W1969; pp. 239-240].  The usage of the nomenclature ‘hamiltonian function’ for his energy function became common in classical mechanics already during the last century [W1904].

Erwin Schrödinger adapted Hamilton’s energy function, which depends on the classical positional coordinates and momenta, to develop the ubiquitous quantum-mechanical hamiltonian operator (  [S1926].  It is not coincidence that Schrödinger was later invited to come to Ireland, to become Research Professor at the new Institute for Advanced Studies in Dublin, spending almost twenty years (1939-1957) of his professional life there [W1969: pp. 465-6, M1989].  Schrödinger’s appraising thoughts about Hamilton and his function have been recorded in some detail [SMS44].

B.  SPIN
The term “spin” implies the classical visualization of the internal motion of a particle, i.e., rotation of a body of some kind.  This concept has been (and continues to be) a useful crutch in describing the behavior of electrons and many nuclides.  Of course, there is no such thing as a solid particle at the atomic level, and what can be known about the angular momentum of the entity is limited by the Heisenberg Uncertainty Principle.  Happily, the mathematical formulation of spin embedded in quantum mechanics yields quantitatively accurate results.  This is accomplished by including appropriate spin operators in the hamiltonian.  For any given spin J, there is a vector operator J (i.e.,

 3 spatial components) acting on certain matrices (spin states) [D1947, FLS1965].  It is worth pointing out that while the concept of spin evolved in the 1920s [See below], the nature of this phenomenon remains enigmatic to this day [H1979, BZ1984, O1986, Z1991].  On the other hand, its use in formulating magnetic resonance spectroscopy and other experiments has been extremely fruitful, and has led to half-a-dozen or so Nobel prizes.  It is to be kept in mind that it is in fact the particle’s magnetic moment (, an operator proportional to J, which allows spin to be observed [WBW94].  The choice of quantization axis (( z) for any spin (vector) operator J is completely arbitrary, although some direction in space (say, along an external magnetic field) may be more convenient than others.

2.  THE SPIN HAMILTONIAN:  A PRAGMATIC DEFINITION
In quantum mechanics, one generally begins by setting up a hamiltonian operator ( , which via appropriate mathematical operations yields the possible energy values of the model system being considered.

     Operator (   in general is a function of spatial operators (positional coordinates, linear and angular momenta, etc.) of one or more ‘particles’, e.g., electrons and nuclides.   The angular momenta here are of the orbital type.  In addition, (  may contain functions F(J) of the spin angular momentum operators for various of the particles in the system.

     To arrive at the allowed energy values E, it is required:

(1)   that mathematical integration of all spatial variables in ( (incorporating into the integral the appropriate wavefunctions) be done, utilizing known formulae.  Thus, it is important to note that all orbital angular momentum operators will disappear at this step as can be seen explicitly, for example, in an early paper by Maurice Pryce [P1950].

(2)   that “bracketing” (producing matrix elements) of all spin operators (using the appropriate spin states, i.e., bras and kets) be carried out.

These 2 operations can be done successively and independently:

                             (          (         (s         (      Set of E values   .                                  [1]

(1)               (2)

Operator (s is called a spin hamiltonian.  It contains the spin operators, and sets of parameters, but no spatial variables or operators.

     The primary spin quantum number J (usually denoted by S, or I, or F, depending on the species) for each spin operator can take on any one of the values 0, 1/2, 1, 3/2, 2, … . For a single particle, there are 2J+1 energy levels (spin states) in the E-value set.  Note that if the J values for all particles were 0, then (s would not exist.

It should be made clear that the various eigenvalues of operator functions F(J) (for example, Jz)  may be taken to label and distinguish various submanifolds among the possible energy levels, and thus that one may deal with just a specific angular-momentum-eigenvalue set for the particles at hand, yielding only certain of the energy levels of the system.

     An elegant and useful elaboration of the above concept consists of representation of some set of 2J+1 energy levels by inserting an appropriate pseudo-spin operator J into an “effective” spin-hamiltonian operator e(s even though there may be no actual spin in the physical system being modeled.

3.  THE SPIN HAMILTONIAN:  A HISTORY

It is evident from the above that the spin hamiltonian is a quantum-mechanical hamiltonian which depends on spin(s) but does not depend on any spatial coordinate or time-derivatives thereof.  Thus a brief history of the concept of spin is relevant.  According to an article by Abraham Pais [P1989], Alfred Landé in 1921 had found it possible to explain anomalies in the Zeeman splitting of lines by introducing a ‘new and quite daring assumption that angular momentum quantum numbers can take on half-integral values’.  While Werner Heisenberg in his first published paper had proposed that in alkali atoms the valence electron and the residual atomic core each have angular momentum h/2, Wolfgang Pauli proved that the core must have zero angular momentum.  A fourth quantum number for the electron, proposed by Pauli in 1925, led to his discovery of the exclusion principle.  However, the hypothesis of electron spin was first made by Samuel Goudsmit & George E. Uhlenbeck, in 1926 [GU1926], leading to new quantum numbers S and mS.  Llewellyn H. Thomas [T1926] supplied the previously missing mysterious factor 2 in the ‘gyromagnetic ratio’, modifying the classical value of unity; he showed that a relativistic effect can account for this, as well as for the ‘precession’ of the spin.  The concept of nuclear spin was postulated by Pauli in 1924.

In his book “The Theory of Electric and Magnetic Susceptibilities” [V1931], John H. Van Vleck frequently refers to the ‘hamiltonian’ of the system considered, but not to a ‘spin hamiltonian’.  However, for ferromagnetism, his formula (p. 320) for exchange interaction between electrons (based on Dirac’s 1929 ideas) consists of a parameter times a simple scalar product of two electron spin operators (Si(Sj).  Thus this qualifies to be called a spin hamiltonian.

The advent of electron paramagnetic resonance (EPR) spectroscopy, more or less simultaneously in several countries [Z1945, CH1946, BG1947], brought the need for more extensive understanding of the underlying theory.  It should be emphasized however that many aspects of spin-hamiltonian theory also apply to nuclear magnetic resonance (NMR) spectroscopy.

In their theoretical papers on EPR spectroscopy, Abragam & Pryce used the terms ‘hamiltonian’ and ‘fine-structure hamiltonian’ and on occasion ‘effective hamiltonian’ [P1950] and ‘sub-hamiltonian’ for the concept that soon came to be called the ‘spin hamiltonian’.  The latter name does occur (once) in the first 1951 paper [AP1951a] and then is used globally in the second [AP1951b].  Anatole Abragam stated [personal communication to B. B.] that this name was first suggested by Pryce.  By the time the early review paper on paramagnetic resonance spectroscopy of metal ions was produced in 1953 [BS1953], it had come into common usage.  Certainly, Pryce used this term routinely and exclusively in his 1957 expository article “Paramagnetism in Crystals” [P1957].

4.  THE FORM OF THE SPIN HAMILTONIAN

The general form of the spin hamiltonian is somewhat troublesome to represent.  It can be written [SW1976] as a series

             (s(1…c)  =  (( (s(        (where ( = 1 … n … c, and c is a positive integer)     [2]

of c individual spin-hamiltonian terms each of the form

             (s(n)  =  ([(] (n)A[(] * Jp Jq …   ,                                                                        [3]

where [(] stands for a set (listing the number n of spins) of summation indices p, q, …, each running from 1 to (the number of particles involved) N.  The symbol (n)A[(] represents a polyadic, with units of energy, and contains the quantum-mechanical/experimental parameters, including externally applied magnetic field parameters, say B.  Mathematical details about polyadics are available elsewhere [D1961].

We can give as examples of the above some well-known terms [AB1970, WBW1994]:

a)  Zeeman terms

        (s(1)  =  (eBT ( g ( S ( (NBT ( gN ( I  ,                                                               [4a]

where (e and (N are the Bohr and nuclear magnetons, B represents an applied magnetic field, post-superscript T denotes transpose of the vector, and dot ( denotes matrix multiplication.  The angular momentum operators J here are S and I , respectively for one (or more) electrons and one nuclide.

The polyadics (1)A[(] in [4a] are the Zeeman-splitting-factor dyadics g and gN , which are , ordered sets of 9 scalars generally written as 3x3 matrices which need not be symmetric but are generally taken to be so.  Strictly speaking, these should not be called tensors [AB1970, Ch. 15; PE1973, p. 98].

Here the alternative choice of, say, the first term to be (eST ( g( ( B implies g( = gT.

b)  Electronic Quadrupole (Fine-Structure) term, plus a Nuclear Quadrupole term, plus a Hyperfine term [AB1970, WBW1994]

        (s(2)  =  ST ( D ( S + IT ( P ( I + ST ( A ( I  .                                                    [4b]

The polyadics (2)A[(] in [4b], where ( lists 2 indices, too are dyadics taken as 3x3 matrices.  Here D and P each is a true 2nd-rank tensor = symmetric 3x3 matrix, while A is not.

c)  High-spin terms also occur, for example [See SW1976, Eqs. 1]:

        (s(3)  =   (3)A * Jp Jq Jr  =  (i,j,kl = 1,2,3  ((3)Apqr) (Jp)i (Jq)j (Jr)k (B)l  ,                    [4c1]

where (3)Apqr, represents an ordered set of 81 scalars.  Or else, one may encounter

        (s(4)  =   (4)A * Jp Jq Jr Js =  (i,j,kl = 1,2,3  ((4)Apqr) (Jp)i (Jq)j (Jr)k (Js)l  ,                 [4c2]

where (4)Apqr is an ordered set of 81 scalars.  In the above, often a term required deals with only a single spin, i.e., p = q = r = … .

What type of terms may occur in (s is limited by the requirement that its energy eigenvalues be real scalars [SW1976], by the magnitude of quantum number J of each spin in it [WBW1994, p. 187, and by time-reversal symmetry considerations [AB1970, Ch. 15].

It is interesting to note that time reversal invariance is no longer sacrosanct [S1987].  Thus certain terms in the spin hamiltonian, ruled out previously by invoking this symmetry [AB1970, BCT1985], may in fact exist.  However, these will likely be very small, since time-reversal invariance is thought to break down primarily when the electroweak force is sufficiently active (during creation/annihilation of massive nuclear particles).

5.  SPIN-OPERATOR FUNCTIONS
6.  SPIN-HAMILTONIAN ENERGIES

7.  EFFECTS OF SYMMETRY

8.  OTHER DETAILS AND DEVELOPMENTS

9.  USEFULNESS OF THE SPIN HAMILTONIAN

ITEMS TO CONSIDER FOR DISCUSSION IN THE MANUSCRIPT:

Parameters and Spin Operators (Categorize the latter)

Applicability:  Generality to Solids and Liquids.  Inorganic and Organic

        Store-House of Info

Pseudo electric field (Van Vleck)

Pseudo spins

    Use in Magnetic resonance

    Use in Optical spectroscopy

Operator Equivalents

Symmetry Considerations (Over-all crystal symmetry, and local symmetry)

Types/Classification of spin hamiltonians (Buckmaster), Dynamic SH

Diagrammatic Techniques  (Skinner & Weil)
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