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Accurate low DOF modeling of a planar complaint mechanism with
flexure hinges: the equivalent beam methodology
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Abstract

A methodology for accurate and efficient finite elements method (FEM) simulations of planar compliant mechanisms with flexure hinges is
presented. First, using symmetry/antisymmetry boundary conditions and 3D elements, one-eighth of a single hinge is simulated to determine its
true stress/stiffness characteristics. A set of fictitious beams is derived, which have the identical characteristics. This set is used in conjunction
with other beams that model relatively stiff links to generate an equivalent model of an entire mechanism consisting of the beam elements
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nly. The model has a low number of degrees-of-freedom (DOF) and appears to be more accurate than any 2D FEM models, eve
ery large number of DOF. The methodology has been developed specifically for the right circular flexure hinge; however, it can
o all types of revolute flexure hinges.

2004 Elsevier Inc. All rights reserved.
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. Introduction

The implementation of compliant mechanisms is common
n modern micro-positioning systems and MEMS devices.
nlike conventional mechanisms, compliant mechanisms are
onolithic structures that provide the required motion by
ay of flexure hinges inherent to the structure. The flexure
inges are placed between relatively rigid members, referred
enceforth to as links, to provide the desired planar motion
f the mechanism, typically driven by high accuracy actua-

ors. This paper considers a mechanism with right circular
inges; however, the proposed methodology is applicable to
lanar mechanisms containing any of the revolute flexure
inge types.

An accurate FEM simulation of such mechanisms, despite
he recent progress in computational techniques, still poses

challenge. Typical modern hinges should have relatively
igh depth-to-height ratios to maximize flexibility and secure

∗ Corresponding author. Tel.: +1 306 966 5440; fax: +1 306 966 5427.
E-mail address:szyszkow@engr.usask.ca (W. Szyszkowski).

planar motion. The problem is that the stress and strain
ponents in such hinges vary in the direction perpendic
to the plane of motion of the mechanism (across the hin
thickness). This variation and its effect on the hinge’s
formance can only be analyzed with the use of 3D elem
However, the 3D FEM analysis (with a sufficient numbe
elements across the depth) even for one hinge requires
sands of elements. Such an analysis is reported in[1], despite
a rather significant computational effort, the stress/strain
ation across the hinge’s thickness is not sufficiently dep
in the results.

There are numerous publications, inspired possibly b
planar mechanism’s behavior, which use 2D plain stres
ements[2–5] to model either a whole compliant mechan
or a flexure hinge thereof. Even the shell elements have
used in[6], which are difficult to justify for this particular a
plication, since only their in-plane stiffness is utilized (wh
is identical to the stiffness of 2D plane stress elements)
shell element’s out-of-plane bending capacity and the c
sponding DOF (always zero) stay unused, which furthe
validate the use of this element for modeling flexure hin
141-6359/$ – see front matter © 2004 Elsevier Inc. All rights reserved.
oi:10.1016/j.precisioneng.2004.09.001
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As explained later in this paper any 2D model carries a sys-
tematic error, the magnitude of which depends mainly on the
hinge’s depth-to-height ratio.

On the other hand, the links between hinges of most of
the compliant mechanisms are relatively stiff structural mem-
bers. The strain/stress states in such members are very similar
to that assumed in the standard beam elements, which can be
referred to as 1D elements (as deformations due to only one
stress component is considered). Therefore, the links require
neither 3D nor 2D elements, since comparable modeling ac-
curacy can be obtained from 1D beam elements with a sig-
nificantly reduced numerical effort.

In the early works also circular hinges were approximated
as beams in bending. In[7] the hinge’s stiffness was deter-
mined analytically using the classical Euler–Bernoulli beam
equation (the same equation is used in the above mentioned
beam elements). In spite of a rather rudimentary charac-
ter of such an approach the formulas derived in this work
(known as the Paros–Weisbord stiffness formulas) are still
used to provide a preliminary prediction of the hinge behavior
[8,9].

This paper demonstrates the development and use of an ac-
curate and numerically efficient model of a compliant mech-
anism, which combines the 3D characteristics of the hinges
and the 1D characteristics of the links. The properties of the
hinges are first determined from a separate 3D FEM model.
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Fig. 1. Piezo-actuated compliant mechanism.

hinge is 1 mm. The material properties are given by Young’s
modulusE= 105 GPa, and Poisson’s ratioµ = 0.33.

As previously mentioned, despite the planar motion of the
mechanism, the stress and strain components vary through
the hinge’s depth necessitating a 3D analysis. However, such
an analysis of the whole mechanism would be numerically
prohibitive. On the other hand, any analysis that applies 2D
elements, though numerically feasible, ignores the above
effects. Namely, either the stress or the strain in the depth
directions is omitted in the 2D plane stress or plane strain
elements, respectively. Nevertheless, such analyses are
considered useful, since either the lower (plane stress) or the
upper (plane strain) limits of the structure overall stiffness
can be obtained. In this case they will be used to verify the
equivalent beam model discussed in Section4. The first step
in building such a model is to determine the properties of the
single hinge. Here this is done using 3D elements discussed
next.

3. The hinge

Flexure hinges have been extensively studied using an-
alytical and numerical methods. As already mentioned, the
seminal analytical work[7] modeled the right circular flexure
h prox-
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o load
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S plane
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T ro-
hese properties, via the use of some equivalent beam
hen incorporated into the model of the entire mechan
he model consists of the beam elements only and is
cterized by a small number of DOF, but is capable of
lating the mechanism’s static and dynamic behaviors
ccuracy that otherwise would require a large number o
lements and a significant computational effort. Clearly,
odels should allow the use of the FEM simulation techn

o its fullest capacity. The discussion of the methodolog
ocussed on a positioning device known as the 3RRR m
nism, which is presented in the next section.

. The compliant mechanism

A circular end-effector of the 3RRR compliant mec
ism is driven by three piezoelectric actuators attached
ase. As shown inFig. 1, there are four flexure hinges a

our links between each actuator the end-effector. The m
nism and the end-effector are capable of motion in thex–y
lane. The nominal data for dimensions (which can be e
odified to include machining imperfections as discusse

9], for example) and for material properties will be use
he computer simulations presented.

The thickness of the hinges and links is 10 mm (the w
echanism has been fabricated out of a 10 mm thick p
his dimension, in terms of the hinge geometry, is usu
eferred to as depth. Since its minimum height is 0.8
he depth-to-height ratio for this particular hinge is 12.5.
eight of the links is also 10 mm, while the radius of
inge as a beam in bending, which is essentially a 1D ap
mation. The bulk of FEM analyses have been done app
D plane stress elements[2–6]. A detailed 3D analysis of th
inge has been reported in[10]. Here only the model and th
elevant results of this work are briefly outlined.

The hinge geometry (seeFig. 2a) is defined in terms o
epthb= 10 mm, heightt= 0.8 mm, and radiusr = 1 mm. The

ink is defined by its heighth= 10 mm and lengthl = 9 mm.
he latter dimension was chosen such that the effects of
n the stress/strain distribution in the link disappear. The

s in the form of the bending moment ofMz= 200 N mm
ince the hinge has two planes of symmetry and one
f antisymmetry, only one-eighth of it needs to be mode
he 20-node brick elements, SOLID95 from the ANSYS p
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Fig. 2. (a) and (b) The Hinge modeled by 3D FEM elements; (c) deflection along hinge length.

gram, were used in the analysis. A satisfactory numerical
accuracy was achieved with about 24 000 DOF.

The 3D nature of the stress/strain state is illustrated in
Fig. 2b by the distribution ofσz (the normal stress in thez-
direction), where the dark shading indicates the area of high
stress, and the light shading indicates the area of negligible
stress. As seen, the plane stress condition (σz= 0) is met only
at the free surface (forz= 0.5b), while the plane strain condi-
tion (represented by the relationσz=µσy) is satisfied for the
prevailing part of the hinge. The maximum value of the stress
σy was 219.3 MPa. This value will be used later in Section4
to develop an equivalent beam model of the hinge.

The deformation pattern, represented by the lateral dis-
placementvx of the nodal points along they-axis is shown

in Fig. 2c. A careful analysis of this plot reveals that for
y≥ r = 1 mm the slope of the deflected model is the same (five
significant digits of the results were compared). Therefore,
the slopeα and the deflectionvx (for convenience, positive
as shown in the figure) calculated aty= r, are considered to
be representative of the hinge flexibility.

Similar analyses have been performed for the hinges with
different depthsb.

The hinge’s stiffness parameters are defined by:

k3-d
α = Mz

bα
and k3-d

v = Mz

bvx

(1)

The subscriptsα and v indicate the rotational and lateral
stiffness parameters, respectively, while the superscript 3-d
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refers to the 3D model (for example, forb= 10 mm the nu-
merical values of these parameters arek3-d

α = 7823 N and
k3-d
v = 12 010 N/mm). This notation is used to distinguish

between the results obtained from the 3D analysis and the
corresponding 2D models. Such models were obtained by
preserving the geometry of nodes on the 3D model in the
x–y plane, and by using 8-nodes 2D elements (PLANE82).
These elements can be applied with either the plane stress or
the plane strain options. The 2D model had 1050 DOF (about
23 times less than the 3D model).

It is worthwhile to notice that for the 2D analyses the
stiffness parameters (1) are independent of the hinge depth.
However, for the 3D model their values vary with the depth-
to-height ratio, as shown inFig. 3for the rotational stiffness
(almost identical variation can be obtained for the lateral
stiffness). The stiffnesses obtained from the 2D models are
indicated by the superscriptsε for the plane strain andσ
for the plane stress, respectively. The numerical values of
these parameters arekσ

α = 7100 N,kε
α = 7968 N, andkσ

v =
11 052 N/mm, kε

v = 12 223 N/mm. For comparison, the
corresponding values obtained from the 1D Poros–Weiborg
formulas in [7] are kα = 8503 N and kv = 8503 N/ mm,
which differ by about +8 and−29% respectively from the
corresponding stiffnesses obtained from the 3D model. As
can be seen, especially the lateral stiffness obtained from
the 1D model is not particularly accurate. Note that the
s ys un-
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w % for

the hinges with the ratiob/t< 2 (domain I in the plot). Sim-
ilarly, the error should not exceed 2% if the 2D plane strain
elements are used for the hinges with the ratiob/t> 12.5 (do-
main III). Therefore flexure hinges that fall into domain I or
III may be modeled by proper 2D elements. Such hinges can
be considered ‘thin’ or ‘thick’, respectively. Also, it is inter-
esting that for a givenMz the maximum stress,σy, obtained
from both 2D models is always slightly lower (about 2%)
than from the 3D model. This is due to the fact that, while
producing the same resultant bending moment, this stress
component is assumed constant across the hinge’s thickness
in 2D models and varies in the 3D model.

4. The equivalent beam model for the hinge

For the purpose of modeling and simulation of its flexibil-
ity the hinge analyzed in the previous section is characterized
by the ‘normalized’ rotational and lateral stiffnesses denoted
asKα andKv respectively, where:

Kα = k3-d
α b

E
and Kv = k3-d

v b

E
(2)

A third parameter can be added for the purpose of design
to represent the maximum stress developed in the hinge due
to momentMz. Such a parameter, referred to as the hinge’s
b

S

H deter-
m also
b ent.
A n be
c

-heigh
tiffnesses obtained from the plane stress analysis alwa
erestimate, while stiffnesses from the plane strain ana
verestimate the stiffnesses obtained from the 3D mode
σ <k3d <kε). Moreover, since theoreticallykσ /kε = 1− µ2

ne can conclude that the potential systematic error of an
nalysis may be up to about 12% (forµ = 0.33) as indicated i
ig. 3.

On the other hand, the modeling error of the 2D ana
ith the plane stress assumption should be less than 2

Fig. 3. Effect of the depth-to
ending modulus, is defined as:

= Mz

σmax
(3)

ere the three hinge parameters are assumed to be
ined from the 3D FEM model. These parameters can
e obtained by other means, for example, from experim
lso, the planar hinges of different shapes and types ca
haracterized by such parameters.

t ratio on the rotational stiffness.
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Fig. 4. Parameters defining the equivalent beam geometry.

Now, consider a beam of the shape shown inFig. 4, made
of the same material as the hinge. The beam is fixed at the
endy= 0 and loaded by momentMz. Assume that the beam’s
depth isb, and its total length is the same as the length of half
of the hinge, i.e.:

L1 + L2 = r (4)

The beam’s behavior can be completely determined only if
the values of the three parametersh1, h2 andL1 are known.
These parameters can be defined in such a way that the beam
response to the momentMz is identical to the response of the
hinge.

The beam’s slopeα aty= r is found to be:

α = Mz

E

(
L1

I1
+ L2

I2

)
= Mz

KαE
(5)

whereI1 = bh3
1/12 andI2 = bh3

2/12.
The lateral deflectionvx at the same point is:

vx = Mz

2E

[
L1(2L2 + L1)

I1
+ L2

2

I2

]
= Mz

KvE
(6)

Assuming that the bending stress at the sectiony= 0 of
the beam is to represent the hinge’s maximum stress, i.e.:
σy=0 = (Mz/I1)(h1/2) =σmax, one obtains:

I of the
b

m
t . Eq.
(

h

S

L

w

L

Note thatα andvx are of the same sign for the loading consid-
ered, which results in 0.5β <βα <β < 1. This in turn secures
that the dimensions of the equivalent beams can always be
determined from formulae (8)–(10).

Table 1gives the values of all the parameters involved
for the hinge considered in Section3. The first column lists
the hinge dimensions, the second column shows the results
calculated with the help of the 3D model. The third column
was obtained using the definitions (1)–(3). Finally, the last
column was calculated from (8)–(10).

Note that the heightsh1 andh2 defining the equivalent
beam are close to the heightt. Also note that in order to model
it by the FEM two beam elements defined by the pairsh1, L1
andh2, L2, respectively, are needed. Clearly, to simulate the
behavior of the entire hinge only four beam elements are
required.

As indicated inFig. 3, the link rotates and translates as
a nearly rigid body. It is therefore postulated that the entire
link can be modeled sufficiently by one beam element with
the area and the area moment of inertia defined byA=hband
I = (1/12)h3b, respectively.

Consequently, the entire mechanism, which consists of
hinges and links, can be represented by the beam elements.
Note, however, that the beams representing the hinges have
fictitious dimensions, while the beams representing the links
have actual dimensions. Such a model will be referred to as
t sti-
c r of
D om-
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s be
l
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p ects
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2I1

h1
= S (7)

t should be emphasized that stresses at other points
eam (i.e.: fory> 0) are irrelevant.

The set of Eqs.(4)–(7)allow the parameters of the bea
o be determined if the properties of the hinge are known
7) yields:

1 =
√

6S

b
and I1 = S

√
3S

2b
(8)

olving Eqs.(5) and(6) explicitly renders:

1 = r
βv − βα

1 − βα

and h2 = h1

(
1 − βv

βα(2 − βα) − βv

)1/3

(9)

hereβα = I1/rKα andβ = 2I1/r2K.
Finally, the lengthL2 is obtained from (4) as:

2 = r
1 − βv

1 − βα

(10)
he equivalent beam model (EBM), and will have a dra
ally reduced number of DOF. For example, the numbe
OF in the EBM model used in the next section (that is c
utationally as accurate as 3D models) is about 160 t
maller than in its 2D counterparts, which in turn would
ess accurate than the corresponding 3D models.

It worthwhile to mention that the EBM approach is d
erent from the simplified pseudo-rigid body models
onsist of springs and rigid links, as discussed in[11]. The
ight circular hinge in such a model would be represe
y a pin joint with a rotational spring. The hinge’s behav
ould be characterized only by the spring’s stiffness.
ecially the hinge’s length, lateral stiffness, and 3D eff
elated to its height-to-depth ratio are not represented in
odels.

. Validation of the EBM approach

The static and dynamic performance of the EBM is veri
y three tests.

In Test I the EBM is compared to the 3D model of o
inge and parts of two links presented in Section3. Test II
xamines the static and Test III the dynamic performanc
he EBM that model the entire compliant mechanism sh
n Fig. 1. These tests compare the static displacements
nd-effector under the actuator forces and the modal
cteristics of the EBM with the mechanism modeled by
lements with either the plane stress or plane strain ass

ions.
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Table 1
Calculation of the equivalent beam geometry

Hinge properties FEM data Hinge parameters Beam parameters

b= 10 mm σy = 219.4 MPa S= 0.9116 mm3 h1 = 0.7396 mm
r = 1 mm vx = 1.665× 10−3 mm K= 1.144 mm2 h2 = 1.1434 mm
t= 0.8 mm α = 2.558× 10−3 rad Kα = 0.7446 mm3 L1 = 0.2496 mm
M= 200 N mm L2 = 0.7504 mm

Fig. 5. Models to test EBM validity.

5.1. Test I

The main purpose of Test I is to check the EBM response
to the lateral (shear) force. One should keep in mind that
the equivalent beam parameters in Section4 were developed
using the standard Euler–Bernoulli theory of beams, which
considers deformation due to pure bending only. The models
shown inFig. 5are compared. The 3D model has about 48 000
DOF, while the corresponding EBM model has only 18 DOF.
Only thexy-face of the 3D model is visible, there are 12 layers
of elements in thez-direction.

The loading consists of momentMz and forceFx com-
bined in such a way that the bending moment at the
section y= 0 is the same as that used in Section3, i.e.
M=Mz+Fx(l + r) = 0.2 N m. Not surprisingly, under a pure
bending (Fx= 0) the slope of the end deflectionvD

x , the rota-
tionsαD

z , and the maximum stresses in the both models are
indistinguishable. The results start differing slightly if the
shear force is present. The worst case occurs ifMz= 0 and
only the lateral forceFx= 22.22 N is applied. The results of
this worst case, which are shown inTable 2, indicate that the
shear effects are in fact negligible.

Table 2
The EBM and the 3D models under the lateral force

M ce

σ

v

α

The EBM mimics the behavior of the 3D model of the
hinge very well. This confirms that the beam models of the
hinge and links are accurate. It is noteworthy to mention that
much less effort is required to set-up and build the model
using the EBM versus the 3D modeling approach; further, the
EBM model takes fractions of a second to solve compared to
the minutes required to solve the 3D model.

The analyses have been repeated for the models with dif-
ferentl/r ratios resulting in similar results. Even ifl→ 0, that
is with no link and the lateral force applied directly to the
hinge, the EBM and the 3D results were never different by
more than about 2%.

5.2. Test II

This test compares the static behavior of the EBM of the
entire 3RRR mechanism to a planar model of the same mech-
anism built of 2D elements under the assumption of either the
plane-strain state or the plane-stress behavior. Since the plane
stress and the plane strain states give the lower and upper lim-
its of the mechanism stiffness, it is expected that the EBM
model results will lie between the results of the aforemen-
tioned 2D models. It should be noted that a complete 3D
model of the whole compliant mechanism would require a
substantial numerical effort.

Some identical idealizations have been used in all the mod-
e xed
b
s f the
h shown
i

n the
fi The
a plied
t flect
i BM
m

laced
a ss
a al as
t plate
c o the
c less
b lected
i ass
e

n
a e that
odel result EBM result 3D hinge result % Differen

ymax 219.4 MPa 219.2 MPa 0.1
D
x 46.6× 10−3 mm 46.5× 10−3 mm 0.3
D
z 5.150× 10−3 rad 5.116× 10−3 rad 0.7
ls to make the comparison meaningful. Namely, the fi
ase (the centrepiece) of the mechanism (seeFig. 1) is as-
umed to be completely rigid. Consequently, the ends o
inges that are attached to the centrepiece are fixed as

n Fig. 6.
The piezoelectric (PZT) actuators are placed betwee

xed base and the links referred to as the PZT blocks.
ctuation forces, parallel to the actuators’ axes, are ap

o the PZT blocks, which cannot rotate but are free to de
n the transverse directions. Both the 2D planar and E

odels are actuated in the same way.
The end-effector is represented by a mass element p

t point O (the origin of thex–ycoordinate system). The ma
nd mass-moment of inertia for the element are identic

he mass and the mass-moment of inertia of the circular
onstituting the end-effector. This element is interfaced t
ompliant mechanism using a number of stiff but mass
eam elements. The stiffness of these elements was se

n such a way that they rotate and translate with the m
lement as one rigid body.

The model is actuated by forcesFi that can be exerted o
ny of the PZT blocks numbered as 1, 2 and 3. To ensur
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Fig. 6. The 2D model of the 3RRR mechanism.

the load is properly distributed several stiff beam elements
imitating the actuator’s surface were attached to the edge of
each PZT block where the forces are applied.

The 2D model of the 3RRR mechanism was meshed
with quadratic planar elements available from the ANSYS
program, namely: 6-node triangular elementsPLANE2, and
8-node quadrilateral elementsPLANE82. Details of the
meshing of the hinge are shown inFig. 7. This model has
about 46 500 DOF. Either the plane-stress or plane-strain
states can be selected by setting an appropriate key-option
in the ANSYS program.

The corresponding EBM model of the 3RRR mechanism
is built entirely with the 2D beam elements BEAM3. The
flexure hinges are modeled by the beam elements sized as
discussed in the previous section. The links between the
flexure hinges are modeled as beams based on their true
dimensions. The end-points of the flexure hinges attached to
the centrepiece and the end-effector are modeled identically
as in the planar model.

Some intermittent beam elements are used to close any
offset created when the beams modeling the hinges and links
do not meet end to end. These elements have stiffness equiv-
alent to that of the particular missing link.

The EBM model of the mechanism is shown inFig. 8with
the ghosted 2D model to aid in the visualization. The whole
EBM model has 291 DOF, which is approximately 160 times
less than its planar counterpart.

In order to compare the models, three load cases were
used. In all the cases a constant load of 250 N was applied to
the PZT blocks in the combinations as follows:

Case 1: PZT block 1 is loaded.
Case 2: PZT blocks 1 and 2 are loaded.
Case 3: PZT blocks 1, 2, and 3 are loaded.

Of interest from the models are the end effector’s translations
(in thex- andy-directions) and rotation, and the maximum
stresses developed.

Also, the deformation patterns of the entire mechanism
models were compared graphically after each test case. The
example of such a comparison is presented inFig. 9 for the
load of Case 3. The figure is actually a combination of two
plots taken from the EBM model and the 2D plane strain
model. The displacement scaling of these plots is 50-fold. It
is seen that the deformation of the EBM model of the 3RRR
m

and
t ls are
l tre
( n
b

y the
E and
p r,
t t 1%
o

nism.
Fig. 7. Meshing of the hinges of the planar models.
echanism appears to be indistinguishable.
For each load case the resulting end-effector motion

he maximum stress as obtained from the three mode
isted inTable 3. The translations of the end-effector cen
point O) are denoted bevx andvy, while its angle of rotatio
y θ.

Note that the end-effector displacements predicted b
BM model fall between the results of the plane strain
lane stress model (an exception isvy for case I, howeve

he value of this displacement component is only abou
f the displacement in thex-direction, i.e.|vy| ≈ 0.01vx). Fur-

Fig. 8. The graphical representation of the EBM model of the mecha
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Fig. 9. The deflection patterns of the EBM and 2D plane strain models.

ther, the relative errors, as shown in brackets, agree well with
the results presented inFig. 4, which indicate that the stiff-
ness of a hinge assuming the plane strain state are approxi-
mately 1.8% higher than the 3D stiffness, and that a hinge
assuming the plane stress state were approximately 8.6%
lower.

The maximum stresses in the EBM model are roughly 2%
greater than those obtained from either of the 2D models.
This agrees well with the difference between the stress in the
3D model of the hinge and the corresponding 2D models as
mentioned in Section3 and indicates that the EBM’s stress
results are more accurate than the results obtained from either
2D models.

In summary, Test II shows that the EBM is capable of
simulating the static characteristics of flexure hinges and the
whole 3RRR compliant mechanism accurately with a very
low number of DOF. It opens new possibilities of formally op-
timizing such mechanisms. Typical numerical optimization
procedures require a large number of analyses to establish

sensitivities to various design parameters and therefore are
impractical for complex FEM models. With the EBM model
the entire mechanism’s topology as well as the stiffnesses of
individual hinges and links can be improved.

The EBM can also be used in dynamics and possibly in
a real time control environment (the model is solved in less
than 1 s on a 800 MHz processor). In order to indicate its use-
fulness for dynamic considerations the results of the modal
analysis are presented in the next section.

5.3. Test III

The last test is designed to check whether the EBM is
also capable of simulating the dynamic characteristics of the
mechanism. We assume that the compliant mechanism, such
as the 3RRR mechanism, can be simulated by the linear FEM
model and then solved by the mode superposition dynamic
procedures. It implies that two models can be considered dy-
namically similar if their modal characteristics are similar. In
practice, only several lowest frequencies and the correspond-
ing modal shapes of two different structures need be close to
securing their almost identical dynamic responses to a large
variety of loadings.

It is assumed that the compliant links and hinges are made
of brass alloy (ρ = 8750 kg/m3), while the end-effector is
m 3 -
e and
m el-
e sless
b can
b nd
h tan-
d sing
t ram.
A lane
s OF,
w four
e ed in
T

l be-
c can

Table 3
Results of Test II

Load case Result EBM

1 vx (�m) 32.5
1 vy (�m) −0.4
1 θ (mrad) −0.56
1
2
2
2
2
3
3
3
3

�eqv (MPa) 191
vx (�m) 16.6
vy (�m) 27.9
θ (mrad) −1.13
σeqv (MPa) 316.4
vx (�m) 0
vy (�m) 0
θ (mrad) −1.69
σeqv (MPa) 232.4
ade of steel (ρ = 7800 kg/m). The end effector is mod
led by one mass element (MASS21) with the mass
ass moment of inertia of a circular steel plate. This
ment is attached though a number of rigid and mas
eam elements in a triangular pattern to the links as
e seen inFigs. 6, 8 and 9. The masses of the links a
inges in the EBM and 2D models are identical. The s
ard modal analysis of both models was completed u

he subspace iterations procedure with the ANSYS prog
gain, the 2D elements were used with either the p
tress or plane strain options. The EBM model has 291 D
hile the 2D models have about 46 500 DOF. The first
igenfrequencies obtained from these models are list
able 4.

The frequencies of the first two modes are identica
ause of a ‘tri-symmetry’ of the 3RRR mechanism. As it

Plane strain Plane stress

31.8 (−2.1%) 35.6 (+9.5%)
−0.5 −0.5

−0.55 (−1.8%) −0.62 (+9.8%)
189 (−1.3%) 189 (−1.1%)

16.3 (−1.63%) 18.2 (+10.0%)
27.3 (−2.3%) 30.5 (+9.3%)

−1.11 (−1.76%) −1.24 (+9.8%)
308 (−2.8%) 308 (−2.5%)

0 0
0 0

−1.66 (−1.76%) −1.82 (+9.85%)
228 (−2.1%) 228 (−1.8%)
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Table 4
Results of the modal analysis (frequencies in Hz)

Mode EBM 2D plane stress 2D plane strain

1. Translational 436.8 423.8 (−2.97%) 447.2 (2.37%)
2. Translational 436.8 423.8 (−2.97%) 447.2 (2.37%)
3. Rotational 640.6 618.6 (−3.43%) 652.3 (1.84%)
4. Local 12500 12038 (−3.70%) 12683 (1.46%)

Fig. 10. The first mode of vibrations (translational).

Fig. 11. The third mode of vibrations (rotational).

be seen the results of the EBM model are always bound by
those of the 2D plane stress and plane strain models. It is be-
lieved, that the EBM results would be very close to the results
that would be obtained from a hypothetical 3D model of the
mechanisms with a sufficiently large DOF number (perhaps
millions).

Also, the modal shapes show an excellent agreement.
Figs. 10 and 11show the first and the third modes of vi-
brations obtained from the EMB (a) and 2D plane stress (b)
models.

Again, it is noteworthy to mention that it takes a frac-
tion of a second to solve the EBM for 20 modes, while it
becomes incomparably long (about 10 min on 800 MHz pro-
cessor) to solve either of the 2D planar models. Also, it should
be mentioned that modeling the links in the EBM by one beam
element is sufficient for the static analysis and for simulat-
ing several lowest modes of vibrations. However, if a wide
spectrum of eigenfrequencies is required the links should be
meshed with more than one element.

6. Conclusions

In order to be accurate, the FEM modeling of typical pla-
nar compliant mechanisms should be capable of including the
3D nature of the stress/strain in flexure hinges. It necessitates
a wise use of available elements if one wants to avoid gener-
ating somewhat impractical FEM models with prohibitively
large number of DOF. As shown in the paper, the static and
dynamic characteristics of the whole 3RRR mechanism can
be simulated with high precision with a model that has a very
small number of DOF. The EBM model developed accurately
predicts the displacements of the end-effector, the maximum
stress, and the modal characteristics of the mechanism. It
has been achieved mainly by replacing the flexure hinges by
equivalent beams of identical mechanical characteristics. The
numerical efficiency of the EBM model is very high. There-
fore it becomes conceivable to apply it for other purposes
such as mathematical optimization, simulating complex dy-
namic responses, or even for real time applications to control
and handling of compliance mechanisms.
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