DTD 5

AN Available online at www.sciencedirect.com

i ScIENCE@DIRECT° PRECISION
iy ENGINEERING
ELSEVIER Precision Engineering xxx (2004) XXX—XXX

www.elsevier.com/locate/precision

Accurate low DOF modeling of a planar complaint mechanism with
flexure hinges: the equivalent beam methodology

B. Zettl, W. SzyszkowsKi, W.J. Zhang

Department of Mechanical Engineering, University of Saskatchewan, 57 Campus Drive, Saskatoon, SK, Canada S7N 5A9

Received 16 February 2004; received in revised form 28 June 2004; accepted 15 September 2004

Abstract

A methodology for accurate and efficient finite elements method (FEM) simulations of planar compliant mechanisms with flexure hinges is
presented. First, using symmetry/antisymmetry boundary conditions and 3D elements, one-eighth of a single hinge is simulated to determine its
true stress/stiffness characteristics. A set of fictitious beams is derived, which have the identical characteristics. This set is usedan conjuncti
with other beams that model relatively stiff links to generate an equivalent model of an entire mechanism consisting of the beam elements
only. The model has a low number of degrees-of-freedom (DOF) and appears to be more accurate than any 2D FEM models, even those with
very large number of DOF. The methodology has been developed specifically for the right circular flexure hinge; however, it can be applied
to all types of revolute flexure hinges.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction planar motion. The problem is that the stress and strain com-
ponents in such hinges vary in the direction perpendicular
The implementation of compliant mechanisms is common to the plane of motion of the mechanism (across the hinge’s
in modern micro-positioning systems and MEMS devices. thickness). This variation and its effect on the hinge’s per-
Unlike conventional mechanisms, compliant mechanisms areformance can only be analyzed with the use of 3D elements.
monolithic structures that provide the required motion by However, the 3D FEM analysis (with a sufficient number of
way of flexure hinges inherent to the structure. The flexure elements across the depth) even for one hinge requires thou-
hinges are placed between relatively rigid members, referredsands of elements. Such an analysis is reportfd] julespite
henceforth to as links, to provide the desired planar motion arather significant computational effort, the stress/strain vari-
of the mechanism, typically driven by high accuracy actua- ation across the hinge’s thickness is not sufficiently depicted
tors. This paper considers a mechanism with right circular in the results.
hinges; however, the proposed methodology is applicable to  There are numerous publications, inspired possibly by the
planar mechanisms containing any of the revolute flexure planar mechanism'’s behavior, which use 2D plain stress el-
hinge types. ementg2-5] to model either a whole compliant mechanism
An accurate FEM simulation of such mechanisms, despite or a flexure hinge thereof. Even the shell elements have been
the recent progress in computational techniques, still posesused in6], which are difficult to justify for this particular ap-
a challenge. Typical modern hinges should have relatively plication, since only their in-plane stiffness is utilized (which
high depth-to-height ratios to maximize flexibility and secure is identical to the stiffness of 2D plane stress elements). The
shell element’s out-of-plane bending capacity and the corre-
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0141-6359/$ — see front matter © 2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.precisioneng.2004.09.001



DTD 5

2 B. Zettl et al. / Precision Engineering xxx (2004) XXX—XXX
As explained later in this paper any 2D model carries a sys- End-Effector
tematic error, the magnitude of which depends mainly on the
hinge’s depth-to-height ratio.

On the other hand, the links between hinges of most of
the compliant mechanisms are relatively stiff structural mem-
bers. The strain/stress states in such members are very similar
to that assumed in the standard beam elements, which can be
referred to as 1D elements (as deformations due to only one
stress component is considered). Therefore, the links require
neither 3D nor 2D elements, since comparable modeling ac-
curacy can be obtained from 1D beam elements with a sig-
nificantly reduced numerical effort. —_

In the early works also circular hinges were approximated 10 mm
as beams in bending. [@] the hinge’s stiffness was deter-
mined analytically using the classical Euler—Bernoulli beam
equation (the same equation is used in the above mentioned
beam elements). In spite of a rather rudimentary charac-
ter of such an approach the formulas derived in this work hinge is 1 mm. The material properties are given by Young's
(known as the Paros—Weisbord stiffness formulas) are still modulusE =105 GPa, and Poisson’s rafio=0.33.
used to provide a preliminary prediction of the hinge behavior ~ As previously mentioned, despite the planar motion of the
[8,9]. mechanism, the stress and strain components vary through

This paper demonstrates the development and use of an acthe hinge’s depth necessitating a 3D analysis. However, such
curate and numerically efficient model of a compliant mech- an analysis of the whole mechanism would be numerically
anism, which combines the 3D characteristics of the hinges prohibitive. On the other hand, any analysis that applies 2D
and the 1D characteristics of the links. The properties of the €lements, though numerically feasible, ignores the above
hinges are first determined from a separate 3D FEM model. effects. Namely, either the stress or the strain in the depth
These properties, via the use of some equivalent beams, ardlirections is omitted in the 2D plane stress or plane strain
then incorporated into the model of the entire mechanism. €lements, respectively. Nevertheless, such analyses are
The model consists of the beam elements only and is char-considered useful, since either the lower (plane stress) or the
acterized by a small number of DOF, but is capable of sim- upper (plane strain) limits of the structure overall stiffness
ulating the mechanism’s static and dynamic behaviors with can be obtained. In this case they will be used to verify the
accuracy that otherwise would require a large number of 3D equivalent beam model discussed in Sectiofihe first step
elements and a significant computational effort. Clearly, such in building such a model is to determine the properties of the
models should allow the use of the FEM simulation technique Single hinge. Here this is done using 3D elements discussed
to its fullest capacity. The discussion of the methodology is next.
focussed on a positioning device known as the 3RRR mech-
anism, which is presented in the next section.

Piczoelectric
Actuator

Hinge

Fixed Base

Fig. 1. Piezo-actuated compliant mechanism.

3. The hinge

2. The compliant mechanism Flexure hinges have been extensively studied using an-
alytical and numerical methods. As already mentioned, the

A circular end-effector of the 3RRR compliant mecha- seminal analytical work7] modeled the right circular flexure
nism is driven by three piezoelectric actuators attached to itshinge as a beam in bending, which is essentially a 1D approx-
base. As shown iffrig. 1, there are four flexure hinges and imation. The bulk of FEM analyses have been done applying
four links between each actuator the end-effector. The mech-2D plane stress elemenj#s-6]. A detailed 3D analysis of the
anism and the end-effector are capable of motion inxtlye hinge has been reported[it0]. Here only the model and the
plane. The nominal data for dimensions (which can be easily relevant results of this work are briefly outlined.
modified to include machining imperfections as discussedin ~ The hinge geometry (sdeig. 2a) is defined in terms of
[9], for example) and for material properties will be used in depthb=10 mm, height=0.8 mm, and radius=1 mm. The
the computer simulations presented. link is defined by its heighth=10 mm and lengtth=9 mm.

The thickness of the hinges and links is 10 mm (the whole The latter dimension was chosen such that the effects of hinge
mechanism has been fabricated out of a 10 mm thick plate).on the stress/strain distribution in the link disappear. The load
This dimension, in terms of the hinge geometry, is usually is in the form of the bending moment &,=200N mm.
referred to as depth. Since its minimum height is 0.8 mm, Since the hinge has two planes of symmetry and one plane
the depth-to-height ratio for this particular hinge is 12.5. The of antisymmetry, only one-eighth of it needs to be modeled.
height of the links is also 10 mm, while the radius of the The 20-node brick elements, SOLID95 from the ANSYS pro-
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Fig. 2. (a) and (b) The Hinge modeled by 3D FEM elements; (c) deflection along hinge length.

gram, were used in the analysis. A satisfactory numerical in Fig. 2c. A careful analysis of this plot reveals that for

accuracy was achieved with about 24 000 DOF. y >r =1 mm the slope of the deflected model is the same (five
The 3D nature of the stress/strain state is illustrated in significant digits of the results were compared). Therefore,
Fig. 2o by the distribution o, (the normal stress in the the slopex and the deflectiow, (for convenience, positive

direction), where the dark shading indicates the area of highas shown in the figure) calculatedyatr, are considered to
stress, and the light shading indicates the area of negligiblebe representative of the hinge flexibility.

stress. As seen, the plane stress conditigr Q) is met only Similar analyses have been performed for the hinges with
at the free surface (fa=0.50), while the plane strain condi-  different depth.
tion (represented by the relation = oy) is satisfied for the The hinge’s stiffness parameters are defined by:

prevailing part of the hinge. The maximum value of the stress M M
oy was 219.3 MPa. This value will be used later in Secion  k29= "= and «¥9= —=
to develop an equivalent beam model of the hinge. ba bux
The deformation pattern, represented by the lateral dis- The subscriptsr and v indicate the rotational and lateral
placement, of the nodal points along thgaxis is shown stiffness parameters, respectively, while the superscript 3-d

)
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refers to the 3D model (for example, fboe= 10 mm the nu- the hinges with the ratib/t <2 (domain I in the plot). Sim-

merical values of these parameters aié’ = 7823 N and ilarly, the error should not exceed 2% if the 2D plane strain

kf‘d = 12010 Nmm). This notation is used to distinguish elements are used for the hinges with the ratic- 12.5 (do-

between the results obtained from the 3D analysis and themain Ill). Therefore flexure hinges that fall into domain | or

corresponding 2D models. Such models were obtained bylll may be modeled by proper 2D elements. Such hinges can

preserving the geometry of nodes on the 3D model in the be considered ‘thin’ or ‘thick’, respectively. Also, it is inter-

x-y plane, and by using 8-nodes 2D elements (PLANE82). esting that for a giveiM, the maximum stressyy, obtained

These elements can be applied with either the plane stress ofrom both 2D models is always slightly lower (about 2%)

the plane strain options. The 2D model had 1050 DOF (aboutthan from the 3D model. This is due to the fact that, while

23 times less than the 3D model). producing the same resultant bending moment, this stress
It is worthwhile to notice that for the 2D analyses the component is assumed constant across the hinge’s thickness

stiffness parameters (1) are independent of the hinge depthin 2D models and varies in the 3D model.

However, for the 3D model their values vary with the depth-

to-height ratio, as shown iRig. 3for the rotational stiffness

(almost identical variation can be obtained for the lateral 4. The equivalent beam model for the hinge

stiffness). The stiffnesses obtained from the 2D models are

indicated by the superscriptsfor the plane strain and For the purpose of modeling and simulation of its flexibil-
for the plane stress, respectively. The numerical values of ity the hinge analyzed in the previous section is characterized
these parameters ak€ = 7100 N, k% = 7968 N, anck§ = by the ‘normalized’ rotational and lateral stiffnesses denoted
11052 N/mm, k¢ = 12223 N'mm. For comparison, the asK, andk, respectively, where:

corresponding values obtained from the 1D Poros—Weiborg 34 3

formulas in [7] are k,=8503N and k, =8503 N/mm, Ky=-%2~ and K,=-" 2
which differ by about +8 and-29% respectively from the E E

corresponding stiffnesses obtained from the 3D model. As A third parameter can be added for the purpose of design
can be seen, especially the lateral stiffness obtained fromto represent the maximum stress developed in the hinge due
the 1D model is not particularly accurate. Note that the to momentM;. Such a parameter, referred to as the hinge’s
stiffnesses obtained from the plane stress analysis always unbending modulus, is defined as:
derestimate, while stiffnesses from the plane strain analysis
overestimate the stiffnesses obtained from the 3D model (i.e.S =
ke <k3d< k). Moreover, since theoreticalli’/ké =1 — .2 Omax
one can conclude that the potential systematic error of any 2DHere the three hinge parameters are assumed to be deter-
analysis may be up to about 12% (for 0.33) asindicatedin ~ mined from the 3D FEM model. These parameters can also
Fig. 3 be obtained by other means, for example, from experiment.
On the other hand, the modeling error of the 2D analysis Also, the planar hinges of different shapes and types can be
with the plane stress assumption should be less than 2% forcharacterized by such parameters.
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Fig. 3. Effect of the depth-to-height ratio on the rotational stiffness.
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Fig. 4. Parameters defining the equivalent beam geometry.

Now, consider a beam of the shape showRitn 4, made

5

Note thatx andv, are of the same sign for the loading consid-
ered, which results in 0f< B, <8< 1. This in turn secures
that the dimensions of the equivalent beams can always be
determined from formulae (8)—(10).

Table 1gives the values of all the parameters involved
for the hinge considered in Secti@nThe first column lists
the hinge dimensions, the second column shows the results
calculated with the help of the 3D model. The third column
was obtained using the definitions (1)—(3). Finally, the last
column was calculated from (8)—(10).

Note that the heightlh; and hy defining the equivalent

of the same material as the hinge. The beam is fixed at thepaam are close to the heighAlso note thatin order to model

endy=0 and loaded by momeM;. Assume that the beam’s

depth ish, and its total length is the same as the length of half
of the hinge, i.e.:
Li+Ly=r (4)

The beam’s behavior can be completely determined only if
the values of the three parametéis h, andL; are known.

it by the FEM two beam elements defined by the phijrd. 1
andhy, Ly, respectively, are needed. Clearly, to simulate the
behavior of the entire hinge only four beam elements are
required.

As indicated inFig. 3, the link rotates and translates as
a nearly rigid body. It is therefore postulated that the entire
link can be modeled sufficiently by one beam element with

These parameters can be defined in such a way that the bearthe area and the area moment of inertia defineddyband

response to the momelt; is identical to the response of the
hinge.
The beam’s slope aty=r is found to be:

M, (L L M
~E (11 12> =Kol ©)
1 2 Ky E
wherely = bh3/12 andl, = bh3/12.
The lateral deflection, at the same point is:
M, | L1(2La + L1) L3 M
vy = = Li(2Lz + L1) iy R (6)
2E I I KyE

Assuming that the bending stress at the sectierD of
the beam is to represent the hinge’s maximum stress, i.e.:
oy=0 = (Mz/11)(h1/2) =omax, ONe obtains:

21
1_s

i (@)

I = (1/12h3b, respectively.

Consequently, the entire mechanism, which consists of
hinges and links, can be represented by the beam elements.
Note, however, that the beams representing the hinges have
fictitious dimensions, while the beams representing the links
have actual dimensions. Such a model will be referred to as
the equivalent beam model (EBM), and will have a drasti-
cally reduced number of DOF. For example, the number of
DOF in the EBM model used in the next section (that is com-
putationally as accurate as 3D models) is about 160 times
smaller than in its 2D counterparts, which in turn would be
less accurate than the corresponding 3D models.

It worthwhile to mention that the EBM approach is dif-
ferent from the simplified pseudo-rigid body models that
consist of springs and rigid links, as discussedllit]. The
right circular hinge in such a model would be represented
by a pin joint with a rotational spring. The hinge’s behavior
would be characterized only by the spring’s stiffness. Es-

It should be emphasized that stresses at other points of thé?€cially the hinge’s length, lateral stiffness, and 3D effects

beam (i.e.: fory>0) are irrelevant.

The set of Eqs(4)—(7)allow the parameters of the beam
to be determined if the properties of the hinge are known. Eq.
(7) yields:

/6S 3S
hy = 5 and I1=3S o (8)
Solving Eqs(5) and(6) explicitly renders:

Bo — Ba ( 1-8 >1/3
Li=r and hoy=hi| ——FF—— 9)
1_:3a ﬂa(z_ﬁa) _lgv

wherep, =11/rK, andg =2l1/r?K.
Finally, the length_, is obtained from (4) as:
1- v
Lo=ri=? (10)

1_130(

related to its height-to-depth ratio are not represented in such
models.

5. Validation of the EBM approach

The static and dynamic performance ofthe EBM s verified
by three tests.

In Test | the EBM is compared to the 3D model of one
hinge and parts of two links presented in Sectioiest Il
examines the static and Test Il the dynamic performances of
the EBM that model the entire compliant mechanism shown
in Fig. L These tests compare the static displacements of the
end-effector under the actuator forces and the modal char-
acteristics of the EBM with the mechanism modeled by 2D
elements with either the plane stress or plane strain assump-
tions.
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Table 1
Calculation of the equivalent beam geometry
Hinge properties FEM data Hinge parameters Beam parameters
b=10mm oy=219.4MPa $=0.9116 mr h; =0.7396 mm
r=1mm vy =1.665x 103 mm K=1.144 mn# hy=1.1434mm
t=0.8mm «=2.558x 10 3rad K, =0.7446 mm L1=0.2496 mm
M=200Nmm L>=0.7504 mm
F,/4 M;/4 F M, The EBM mimics the behavior of the 3D model of the
% . . .
— FN ¥ hinge very well. This confirms that the beam models of the

D hinge and links are accurate. It is noteworthy to mention that
much less effort is required to set-up and build the model
using the EBM versus the 3D modeling approach; further, the
EBM model takes fractions of a second to solve compared to
the minutes required to solve the 3D model.

The analyses have been repeated for the models with dif-
ferentl/r ratios resulting in similar results. Ever i&> 0, that
is with no link and the lateral force applied directly to the
hinge, the EBM and the 3D results were never different by
more than about 2%.

yzplane of —p
anti-symmetry

xy plane of — g\
symmeltry HERERAAN
(back-side)

5.2. Testll

This test compares the static behavior of the EBM of the
entire 3RRR mechanism to a planar model of the same mech-
anism built of 2D elements under the assumption of either the
plane-strain state or the plane-stress behavior. Since the plane
stress and the plane strain states give the lower and upper lim-
its of the mechanism stiffness, it is expected that the EBM
model results will lie between the results of the aforemen-
tioned 2D models. It should be noted that a complete 3D
model of the whole compliant mechanism would require a
substantial numerical effort.

Some identical idealizations have been usedin all the mod-
els to make the comparison meaningful. Namely, the fixed
base (the centrepiece) of the mechanism {gdgel) is as-
sumed to be completely rigid. Consequently, the ends of the
hinges that are attached to the centrepiece are fixed as shown
in Fig. 6.

The piezoelectric (PZT) actuators are placed between the
fixed base and the links referred to as the PZT blocks. The
actuation forces, parallel to the actuators’ axes, are applied
to the PZT blocks, which cannot rotate but are free to deflect
in the transverse directions. Both the 2D planar and EBM
models are actuated in the same way.

The end-effector is represented by a mass element placed
at point O (the origin of tha&—y coordinate system). The mass
and mass-moment of inertia for the element are identical as
the mass and the mass-moment of inertia of the circular plate
constituting the end-effector. This elementis interfaced to the

Fig. 5. Models to test EBM validity.

5.1. Testl

The main purpose of Test | is to check the EBM response
to the lateral (shear) force. One should keep in mind that
the equivalent beam parameters in Sectiavere developed
using the standard Euler—Bernoulli theory of beams, which
considers deformation due to pure bending only. The models
shown inFig. 5are compared. The 3D model has about 48 000
DOF, while the corresponding EBM model has only 18 DOF.
Only thexy-face of the 3D modelis visible, there are 12 layers
of elements in the-direction.

The loading consists of momeM; and forceFy com-
bined in such a way that the bending moment at the
sectiony=0 is the same as that used in Secti®ni.e.

M =Mz +Fy(l+r)=0.2Nm. Not surprisingly, under a pure
bending Ex =0) the slope of the end deflectimﬁ, the rota-
tionsa?, and the maximum stresses in the both models are
indistinguishable. The results start differing slightly if the
shear force is present. The worst case occubd,if 0 and
only the lateral forcd-x =22.22 N is applied. The results of
this worst case, which are shownTable 2 indicate that the
shear effects are in fact negligible.

Table 2 compliant mechanism using a number of stiff but massless
The EBM and the 3D models under the lateral force beam elements. The stiffness of these elements was selected
Model result  EBM result SDhingeresult % Difference  jn sych a way that they rotate and translate with the mass
Oymax 2194MPa 2192 MPa 01 element as one rigid body.

vy 466x10°mm  465x10°mm 03 The model is actuated by forcEsthat can be exerted on

D 3 —3
* 5150x1077rad  5116x10""rad 0.7 any of the PZT blocks numbered as 1, 2 and 3. To ensure that
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Some intermittent beam elements are used to close any
offset created when the beams modeling the hinges and links
do not meet end to end. These elements have stiffness equiv-
alent to that of the particular missing link.

The EBM model of the mechanism is showrHig. 8with
the ghosted 2D model to aid in the visualization. The whole
EBM model has 291 DOF, which is approximately 160 times
less than its planar counterpart.

In order to compare the models, three load cases were
used. In all the cases a constant load of 250 N was applied to
the PZT blocks in the combinations as follows:

Case 1: PZT block 1 is loaded.
Case 2: PZT blocks 1 and 2 are loaded.
Case 3: PZT blocks 1, 2, and 3 are loaded.

Of interest from the models are the end effector’s translations
(in the x- andy-directions) and rotation, and the maximum
Fig. 6. The 2D model of the 3RRR mechanism. stresses developed.

Also, the deformation patterns of the entire mechanism

the load is properly distributed several stiff beam elements models were compared graphically after each test case. The

imitating the actuator’s surface were attached to the edge oféxample of such a comparison is presenteBig 9 for the

each PZT block where the forces are applied. load of Case 3. The figure is actually a combination of two
The 2D model of the 3RRR mechanism was meshed plots taken from the EBM model and the 2D plane strain

with quadratic planar elements available from the ANSYS model. The displacement scaling of these plots is 50-fold. It

program, name|y: 6-node triangu|ar elemeRtsANE2 and is seen that the deformation of the EBM model of the 3RRR

8-node quadrilateral elemenBLANES2 Details of the =~ mMechanism appears to be indistinguishable.

meshing of the hinge are shown fig. 7. This model has For each load case the resulting end-effector motion and

about 46500 DOF. Either the plane-stress or plane-strainthe maximum stress as obtained from the three models are

states can be selected by setting an appropriate key-optioristed inTable 3 The translations of the end-effector centre

in the ANSYS program. (point O) are denoted hg andv,, while its angle of rotation
The corresponding EBM model of the 3RRR mechanism by 6.

is built entirely with the 2D beam elements BEAM3. The  Note that the end-effector displacements predicted by the

flexure hinges are modeled by the beam elements sized a&BM model fall between the results of the plane strain and

discussed in the previous section. The links between theplane stress model (an exceptiorwisfor case I, however,

flexure hinges are modeled as beams based on their trudhe value of this displacement component is only about 1%

dimensions. The end-points of the flexure hinges attached to0f the displacementin thedirection, i.eJvy| ~ 0.01vy). Fur-

the centrepiece and the end-effector are modeled identically

as in the planar model.

PZT Block 2 [

NARIVAIRA

=

PZT Block 3

ANTANIAANTATANVINIA L \E[ |

Fig. 7. Meshing of the hinges of the planar models. Fig. 8. The graphical representation of the EBM model of the mechanism.
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sensitivities to various design parameters and therefore are
impractical for complex FEM models. With the EBM model
the entire mechanism’s topology as well as the stiffnesses of
individual hinges and links can be improved.

The EBM can also be used in dynamics and possibly in
a real time control environment (the model is solved in less
than 1 s ona 800 MHz processor). In order to indicate its use-
fulness for dynamic considerations the results of the modal
analysis are presented in the next section.

5.3. Testlll

The last test is designed to check whether the EBM is
also capable of simulating the dynamic characteristics of the
mechanism. We assume that the compliant mechanism, such
as the 3RRR mechanism, can be simulated by the linear FEM
model and then solved by the mode superposition dynamic
procedures. It implies that two models can be considered dy-
namically similar if their modal characteristics are similar. In
practice, only several lowest frequencies and the correspond-
ing modal shapes of two different structures need be close to
securing their almost identical dynamic responses to a large
ther, the relative errors, as shown in brackets, agree well with variety of loadings.
the results presented Fig. 4, which indicate that the stiff- Itis assumed that the compliant links and hinges are made
ness of a hinge assuming the plane strain state are approxiof brass alloy f=8750kg/n{), while the end-effector is
mately 1.8% higher than the 3D stiffness, and that a hinge made of steel £=7800kg/n?). The end effector is mod-
assuming the plane stress state were approximately 8.6%eled by one mass element (MASS21) with the mass and
lower. mass moment of inertia of a circular steel plate. This el-

The maximum stresses in the EBM model are roughly 2% ement is attached though a number of rigid and massless
greater than those obtained from either of the 2D models. beam elements in a triangular pattern to the links as can
This agrees well with the difference between the stress in thebe seen inFigs. 6, 8 and 9The masses of the links and
3D model of the hinge and the corresponding 2D models ashinges in the EBM and 2D models are identical. The stan-
mentioned in SectioB and indicates that the EBM'’s stress dard modal analysis of both models was completed using
results are more accurate than the results obtained from eithethe subspace iterations procedure with the ANSYS program.
2D models. Again, the 2D elements were used with either the plane

In summary, Test Il shows that the EBM is capable of stress or plane strain options. The EBM model has 291 DOF,
simulating the static characteristics of flexure hinges and the while the 2D models have about 46 500 DOF. The first four
whole 3RRR compliant mechanism accurately with a very eigenfrequencies obtained from these models are listed in
low number of DOF. It opens new possibilities of formally op- Table 4
timizing such mechanisms. Typical numerical optimization The frequencies of the first two modes are identical be-
procedures require a large number of analyses to establisttause of a ‘tri-symmetry’ of the 3RRR mechanism. As it can

Fig. 9. The deflection patterns of the EBM and 2D plane strain models.

Table 3
Results of Test Il

Load case Result EBM Plane strain Plane stress
1 vy (um) 325 31.8 (-2.1%) 35.6 (+9.5%)
1 vy (Lm) —04 —-05 -05

1 6 (mrad) —0.56 —0.55 (—1.8%) —0.62 (+9.8%)
1 Gequ (MPa) 191 189{1.3%) 189 (1.1%)
2 vy (um) 166 163 (—1.63%) 182 (+10.0%)
2 vy (Lm) 279 27.3 (—2.3%) 305 (+9.3%)
2 6 (mrad) -1.13 —1.11 (—1.76%) —1.24 (+9.8%)
2 oeqv (MPa) 3164 308 (-2.8%) 308 (-2.5%)
3 vy (pm) 0 0 0

3 vy (Lm) 0 0 0

3 6 (mrad) —-1.69 —1.66 (—1.76%) —1.82 (+9.85%)
3 oeqv (MPa) 2324 228 (-2.1%) 228 (-1.8%)
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Table 4
Results of the modal analysis (frequencies in Hz)
Mode EBM 2D plane stress 2D plane strain
1. Translational 438 4238 (—2.97%) 4472 (2.37%)
2. Translational 438 4238 (—2.97%) 4472 (2.37%)
3. Rotational 64 6186 (—3.43%) 6523 (1.84%)
4. Local 12500 12038+3.70%) 12683 (146%)

6. Conclusions

In order to be accurate, the FEM modeling of typical pla-
nar compliant mechanisms should be capable of including the
3D nature of the stress/strain in flexure hinges. It necessitates
a wise use of available elements if one wants to avoid gener-
ating somewhat impractical FEM models with prohibitively

JERGRRA f=4238Hz large number of DOF. As shown in the paper, the static and
dynamic characteristics of the whole 3RRR mechanism can

a) EBM model b) 2-D model be simulated with high precision with a model that has a very

] ) o ) small number of DOF. The EBM model developed accurately

Fig. 10. The firstmode of vibrations (translational). predicts the displacements of the end-effector, the maximum

stress, and the modal characteristics of the mechanism. It
has been achieved mainly by replacing the flexure hinges by
equivalentbeams of identical mechanical characteristics. The
numerical efficiency of the EBM model is very high. There-
fore it becomes conceivable to apply it for other purposes
such as mathematical optimization, simulating complex dy-
namic responses, or even for real time applications to control
and handling of compliance mechanisms.
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