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A gene regulatory network can be considered a dynamic cellular system which describes
the behavior (development) of a living cell and depends completely on the current inter-
nal state plus any external inputs, if these exist. Although many details inside a cell
are not precisely known, gene expression data on a genome scale provide useful insights
into such a cellular system. With gene expression data, a wide variety of models, such
as Boolean networks and differential /difference equations, have been proposed to model
gene regulatory networks. In these previously proposed models, genes are viewed as
the internal state variables of a cellular system. This viewpoint has suffered from the
underestimation of the model parameters. In addition, these models ignore an important
problem with a gene regulatory network — time delay. Instead, this paper proposes a
state-space model with time delays for gene regulatory networks. The proposed model
views genes as the observation variables, whose expression values depend on the current
internal state variables and any external inputs. Bayesian information criterion (BIC)
and probabilistic principal component analysis (PPCA) are used to estimate the number
of internal state variables and their expression profiles from gene expression data. By
constructing dynamic equations with time delays for the internal state variables and the
relationships between the internal state variables and the observation variables (gene
expression profiles), state-space models with time delays for gene regulatory networks
are constructed. The parameters of the proposed model can be unambiguously identified
from time-course gene expression data with a lower computational cost. The proposed
model is applied to two time-course gene expression datasets, and two gene regula-
tory networks are inferred, respectively. The analysis shows that the inferred gene reg-
ulatory networks have several features of the real gene regulatory networks, such as the
stability, the robustness, and the periodicity. Further, compared to state-space mod-
els without time delays, the proposed model with time delays has better prediction
accuracy.

Keywords: Gene regulatory network; cellular system; state-space model; time delay; gene
expression; PPCA; BIC.
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1. Introduction

A gene regulatory network is a dynamic model to describe a cellular system in which
a large number of different substances (such as mRNA, proteins, and metabolites)
in a living cell interact and regulate cellular behaviors and functions. The unraveling
of such cellular systems has proven useful in disease diagnosis and genomic drug
design. Although currently we do not know exactly how these substances interact
inside a cell, gene expression levels on the genomic scale produced by microarray or
other high throughput measurement technologies provide very useful insights into a
cellular system (ideally, we also want to measure levels of proteins and metabolites).
Using gene expression data, a wide variety of models, such as Boolean networks
[1, 2, 25, 32] and differential/difference equations [10, 12, 15], have been proposed
to model cellular systems.

In a Boolean network model, a gene’s expression (state) is simplified to being
either completely “on” or “off”. These states are often represented by the binary
values 1 and 0, respectively, and the state of a gene is determined by a Boolean
function of the states of all genes in the network. As the system proceeds from one
time point to the next, the current states of all genes are used as input to Boolean
functions which specify whether the states of genes will be “on” or “off” at the
time point. Somogyi and Sniegoski [32] showed that such Boolean networks have
features similar to those in biological systems, such as global complex behavior,
self-organization, stability, redundancy, and periodicity. Liang et al. [25] described
an algorithm for inference of gene network architectures in the context of Boolean
network models. Their computational experiments showed that a small number of
state transition pairs are sufficient to infer the original observations. Akutsu et al.
[1] devised a much simpler algorithm for the same problem and proved that if
the connectivity degree of genes (i.e., the maximum number of genes connected to
each gene) is bounded by a constant h, only O(log n) state transition pairs (from
all possible 2" pairs) are necessary and sufficient to identify the original Boolean
network of n genes correctly with high probability. Their algorithm was claimed
to have time complexity O(mn"*1) where m is the number of time points in gene
expression dataset [2]. However, a further look finds that the “big O” notation hides
a very large coefficient of 22" in O(mn"+1) [1, 2, 36] .

In addition to Boolean network models, Chen et al. [10] proposed a differential
equation model while D’haeseleer et al. [15] proposed a difference equation model.
The task of identification in these models is the extraction of the “gene regula-
tory matrix” [10, 12, 15, 35] which contains n? elements for a gene network with
n genes. Since the size of current gene expression datasets is typically much less
than n? [6, 31], these models are usually under-determined. The existing literature
describes two ways to address this issue. One way is to use a nonlinear interpolation
scheme [15] to make up enough data for identifying n? elements. Such an interpo-
lation scheme is ad hoc. Therefore, the reasonableness of the model built from such
interpolated data is suspect. In addition, there exists a problem of “dimensional
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disaster” when the number of genes in a model is large, for example, hundreds or
thousands. The other way is to limit the connectivity degree of genes to be small,
as in Boolean network models, so that the gene regulatory matrix is sparse. As
a result, the number of identified parameters is much less than n? and the gene
regulatory matrix becomes identified with current gene expression datasets. It can
be proven [10] that the differential /difference model can be constructed in O(n*1)
time, where h is the connectivity degree of genes.

In order that the parameters of the models are identifiable, both Chen [10] and
Akutsu [1, 2] assumed that all genes have a fixed maximum connectivity degree
h (often small). This assumption obviously contradicts the biological reality. For
instance, some genes are known to have many regulatory inputs, while others are
known to have not more than a few [6]. Another shortcoming of these methods
is that the fixed maximum connectivity degree h is chosen in an ad hoc manner.
Although de Hoon et al. [12] used Akaike’s Information Criterion (AIC) to deter-
mine the connectivity degree h of each gene for Chen’s differential model [10], they
have not presented any efficient algorithm to identify the parameters of their differ-
ential equation model; the brute-force algorithm [12] has a computational complex-
ity of 0(2"2), where 7 is the number of genes in the model. Therefore, for biologically
realistic regularity networks, the computational complexity of de Hoon’s method is
prohibitive.

The state-space model is one of the most powerful methods to describe a
dynamic system and has been widely employed for engineering control systems
[9]. A state-space model consists of internal variables, external input variables, and
output (observation) variables. Figure 1 shows a typical state-space model of a
cellular system. In a state-space model, the observation variables typically depend
on the internal variables, while the change in the internal variables is completely
determined by the current internal variables plus any external inputs, if these exist.
Interestingly, the aforementioned models are a variation of state-space models. How-
ever, in these models, genes were viewed as the internal state variables as well as
observation variables of a cellular system, and their expression levels were the val-
ues of both the internal state variables and the observation variables. This view-
point has suffered from the underestimation of the model parameters as pointed
out previously. Actually, not all genes (their products, proteins) directly regulate
gene expressions in a gene network since only a part of genes are translated into
regulatory proteins which regulate gene expression while others are translated into
structural proteins which do not regulate gene expression, but construct the tissues
[3, 6, 26]. To explore this biological knowledge, recently a state-space model for gene
regulatory networks was proposed [37], in which genes are viewed as the observa-
tion variables and gene expression dynamics is governed by a group of the internal
variables. The Bayesian information criterion (BIC) was employed to determine
the number of the internal variables and the factor analysis was used to estimate
their expression profiles from the observation values of a cellular system, i.e., gene
expression data.
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In addition, the previous models have not taken into account time delay in a
cellular system. However, the real microarray data example reveals a considerable
number of time delayed interactions, suggesting that time delay is ubiquitous in
gene regulation [11]. From a biological viewpoint, time delay in gene regulation
arises from the delays characterizing the various underlying processes such as tran-
scription, translation and transport. For example, time delays in regulation may
stem from the time taken for the transport of a regulatory protein to its site of
action. Dasika et al. [11] proposed a mixed integer linear programming framework
for inferring time delay in gene regulatory networks. Due to the computational com-
plexity of their algorithm, it is prohibitive to apply it to gene regulatory networks
with a moderate number of genes as considered in this paper.

In this paper, we extend our earlier work [37] by proposing a state-space model
with time delays for gene regulatory networks. As before [37], genes are viewed
as the internal state variables, which are estimated by BIC and PPCA from gene
expression data (observation data of a cellular system). The model is applied to two
time-course gene expression datasets [33]. The results suggest that it is possible to
determine unambiguously gene network with time delays from time-course gene
expression datasets. The inferred gene regulatory networks have several features
of the real gene regulatory networks, such as the stability, robustness, and the
periodicity. Compared to the model without time delay, the new model has better
prediction accuracy.

2. Methods
2.1. State-space model with time delays

In Boolean network and differential/difference models for gene regulatory network,
genes are viewed as state variables in a cellular system. This makes parameter
identification of the models impossible without additional subjective assumptions
when using the current volume of microarray gene expression datasets in which the
number of genes is much larger than the number of time points. In addition, these
models assume that regulatory relationships among genes are direct; for example,
gene j directly regulates gene ¢ with weight w;; [10, 15]. In fact, genes may not be
directly regulated in a cellular system, but by some regulatory internal variables
3, 6, 17].

In the state-space model for gene regulatory networks as shown in Fig. 1, genes
are viewed as the observation variables, which are governed by some regulatory
internal variables. Change in the internal states depends completely on the current
internal states plus any external inputs, if these exist. The state-space model with
time delays can mathematically be described by

Tmax

z(t+ 1) E:A z(t — 7) + ny(t),

x(t) =C- d)+nﬂ%

(2.1)
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Fig. 1. A state-space model for gene regulatory networks, where z; (i =1,...,n) is the observa-
tion variables while z; (i = 1,...,p) is the state variables.

where the vector x(t) = [z1(t) - - - 2, (t)]T consists of the observation variables of the
system and x;(t) (i = 1,...,n) represents the expression level of gene i at time ¢,
where n is the number of genes in the gene regulatory network under consideration.
The vector z(t) = [21(t) - 2,(t)]T consists of the internal state variables of the
system, and z;(¢) (i = 1,...,p) represents the expression value of internal element
1 at time ¢ which directly regulates gene expression, where p is the number of the
internal state variables. The matrices A; = [aijr]pxp (T =0, ..., Tmax) are the time
translation matrices of the internal state variables or the state transition matrices
with time delay 7, while the integer parameter 7,,x denotes the maximum time
delay accounted for. They provide key information on the influences of the internal
variables on each other. The matrix C = [¢ix]nxp is the transformation matrix
between the observation variables and the internal state variables. The entries of
the matrix encode information on the influences of the regulatory internal variables
on the genes. Finally, the vectors n;(¢) and ny(t) stand for the system error and
the observation error, respectively.

2.2. Model identification

The task of parameter identification in model (2.1) is to estimate the elements
in matrices A; = [@ijrlpxp (T = 0,...,Tmax) and C = [¢ix]nxp such that both
the system error and the observation error are minimized with some senses. Let
X be the gene expression data matrix with n rows and m columns, where n and
m are the numbers of the genes and the measuring time points, respectively. The
building of model (2.1) from microarray gene expression data X may be divided
into two phases. Phase one extracts the internal state variables and their expression
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matrix Z with p rows and m columns from the data matrix x and computes the
transformation matrix C such that

X=C-Z. (2.2)

Note that the matrices C and Z are dependent. After Z is identified, C may be
calculated by formulae C = X-Z™, where Z* is a unique Moore—Penrose generalized
inverse of the matrix Z. Phase two builds the difference equations of the internal
states, i.e., determines the state transition matrix A from the expression matrix Z.
Phase one minimizes the observation error (i.e., maximize the data likelihood) with
BIC while phase two minimizes the system error.

2.2.1. Extraction of the internal variables

Phase one is a key in the process of building model (2.1). There are many methods
for latent variable analysis that may be used to extract the internal state variables
and compute the transformation matrix from the gene expression data, i.e., to
establish Eq. (2.2). For example, one may employ singular value decomposition
[4, 20], where the characteristic modes or eigengenes may be viewed as the internal
variables. However, in typical applications of singular value decomposition, the
number of such internal variables is chosen in an ad hoc fashion, with the result that
transformation matrix C and the expression data matrix of the internal variables
Z are decided subjectively rather than from the data themselves. In our previous
work [37], the maximum likelihood factor analysis and the EM algorithm [7, 24] were
employed to extract the internal state variables and to compute the transformation
matrix from the gene expression data. Nevertheless, the EM algorithm for maximum
likelihood estimate may fall into a local maximum [14]. Tipping and Bishop [34]
developed a probabilistic principal component analysis (PPCA) and proposed two
methods for PPCA: maximum likelihood algorithm and EM algorithm. Further,
they proved that the maximum likelihood algorithm for PPCA can find the global
maximum.

In this paper, we employ PPCA [34] to extract the internal variables
from time-course gene expression datasets, where X is the n X m observation
data matrix, each row of which is an observation sample; C is the n X p trans-
formation matrix, each row of which is a realization of latent variables; and Z is
the p x m loaded matrix, each row of which represents the expression profile of an
internal state. It is assumed that the sample mean has been shifted to zero. The
log-likelihood for PPCA model is expressed by

L= —g{m(ln%r) +1In|D| + tr(D18)}, (2.3)
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where D = ZTZ + 02I and S = X’'*X/n. For the given number of internal
variables, k, the log-likelihood for the PPCA model finds its global maximum [34]

k m

j=k+1
(2.4)
when
Zi. = R(Qy — o°I;)/2UY, (2.5)
where A; (j = 1,...,k) are the first k largest eigenvalues of the sample variance

matrix S, the matrix Qy is a k x k diagonal matrix, whose diagonal elements
are these \; (j = 1,...,k), Uy is a m x k matrix, each column of which is a
corresponding eigenvector of S, Iy, is a k x k identity matrix, R is an arbitrary k X k
orthogonal matrix, and o2 = Z;n:k-u Aj/(m —E).

Note that if {C,Z} is an optimum solution of Eq. (2.2), {CSfl,SZ} is also
its optimum solution, where S is any k X k non-singular matrix. However, it can
be proved that the state-space models from {C,Z} and {CS™' SZ} are equiva-
lent [9]. Therefore, one may always normalize the expression profiles of the inter-
nal state variables. For the optimum number of internal state variables, k, since
R(Qr — O'QI}C)I/Q is a k x k non-singular matrix, we can take

Z=U}, (2.6)

as the expression profiles of the internal state variables. Further, the corresponding
transformation matrix C may be calculated.

2.2.2. Determination of the number of internal variables

From Eq. (2.4), the values of the maximum log-likelihood for the PPCA model
increase with the increase of the number of internal state variables, k. The redun-
dant internal state variables may result in a complicated model. Since the PPCA
has a solid probabilistic foundation, we can employ some model selection criteria to
determine the number of internal state variables. The model selection criteria which
have been used in other model selection problems include the generalized likelihood
ratio test (GLRT), the Akaike’s information criterion (AIC), and the Bayesian
information criterion (BIC) [8]. Both GLRT and AIC have a similar drawback; as
the sample size increases there is an increasing tendency to accept a more complex
model [14]. On the other hand, the BIC takes the sample size into account. Although
the BIC method is developed from a Bayesian standpoint, the result is insensitive
to the prior distribution for adequate sample size. Thus a prior distribution does
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not need to be specified [28, 30], which simplifies the method. For each model, the
BIC is calculated as

BIC(k) =2 Li —1In(n) - vg, (2.7)

where n is the sample size (the number of genes) and v (=mk + 1) is the number
of parameters in the PPCA model. The model with the largest BIC is chosen. BIC
avoids over-fitting the model to the data. Since the term nm(In(27) +1)/2 in (2.4)
is a constant for a given dataset, the calculation of BIC may be simplified as

BIC(k) = —n Zln + (m — k) *In zm: Aj/(m — k)

j=k+1
- ln(n) - (mk +1) (2.8)

We denote the optimum number of internal variables selected with BIC in (2.8) by
p hereafter.

2.2.3. Identification of the internal state model

After obtaining the expression data matrix of the internal variables z and the
transformation matrix C in phase one, we develop the internal state transition
equation (internal state model)

Tmax

z(t + At) = ZA z(t —7), (2.9)

in model (2.1) from the data matrix Z in phase two. Each state transition matrix
A, (1 =0,...Tmax) contains p? unknown elements while the matrix Z contains m-p
known expression data points. If (Tnax+1)p > m, Eq. (2.9) will be underdetermined.
To find suitable state transition matrices, some additional conditions are necessary
[10-12]. Using BIC, the number of chosen internal variables p generally is less than
the number of time points m. Therefore, these matrices are often identifiable if
there are just a few time delays (e.g., Tmax < 1) accounted for.

For equally spaced measurements of gene expression, the multivariable linear
regression method [5, 19] may be used to identify state transition matrices, A, (7 =
0,...Tmax)- For unequally spaced measurements, the problem becomes nonlinear,
and it is necessary to determine these matrices by using an optimization technique,
such as those in Chapter 10 of Press’s text [27].

2.3. Model evaluation

Due to limitations in the understanding of real gene regulatory networks, it is diffi-
cult (if possible) to validate the models for inferred gene regulatory networks com-
pletely by biological experiments. Wessels et al. [35] proposed six indices to evaluate
the models for gene regulatory networks from the viewpoint of bioinformatics. Some
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of these indices are inapplicable to evaluation of the gene regulatory network models
on real-life gene expression datasets because the real gene regulatory networks that
created these data are unknown. In the following, five indices are introduced, includ-
ing the computational cost, the prediction power, and the stability [35], the robust-
ness, and the periodicity.

The computational cost: In phase one, the computational cost is bounded by the
maximum likelihood method for the PPCA and is O(mn +m?) [34]. In phase two,
the computational cost is O(mp + p?). Since both m and p are much smaller than
n, overall the computational cost of the state-space model identification is O(n),
i.e., linear in the number of genes in a model. Such computational cost is much
cheaper than that of other existing models such as the Boolean network model and
differential /difference model.

The stability: due to the limited energy and storage within a cell, concentra-
tions of gene expression products such as mRNA should remain bounded. All real
gene networks are therefore stable. Consequently, the inferred gene network models
should also be (almost) stable in order to be realistic. For our model, this is equiv-
alent to dynamic Eq. (2.9) being stable. It can be proven that the dynamic model
(2.9) is stable if and only if all eigenvalues of the following (Tmax + 1) X (Tmax + 1)
block matrix

o, I, 0,
T — : : - Op (2.10)

o, o, R

ATmax ATmax - ]' e AO
lie inside the unit circle in the complex plane, where I, is a identity matrix and O,
is a p X p zero matrix, and A, (7 =0,...,Tmax) are state transition matrices with

time delay 7 in Eq. (2.9).

The periodicity: Certain biological processes are periodic. The cell-cycle and
circadian clock, for example, repeat at well-defined and reliable intervals. Studies
have shown that gene regulatory networks associated with these periodic biological
processes are themselves rhythmic [6, 21, 23]. Therefore, the inferred gene regulatory
networks associated with these periodic biological processes should be periodic at
its stable states. Accordingly, the periodicity of system (2.1) at its stable state is
determined by its dominant eigenvalues [the eigenvalues of matrix T'in (2.10) whose
moduli are the largest].

The robustness: The robustness of a gene regulatory network is understood as
its insensitivity to noise or disturbance. It is obvious that a real gene regulatory
network has robustness [18, 22]. Therefore, the inferred gene regulatory network
should be robust. Accordingly, the stability of a linear system implies some of its
robustness [9]. Note that the stability, the robustness, and the periodicity of the
system (2.1) are all related to the eigenvalues of matrix T in (2.10).

The prediction power (error): Let X be a data matrix with the same size
as the original data matrix X, which is computed from an initial state and the
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model derived from the data matrix X. The prediction error reflects how well X
approximates X. The prediction error Pr may be defined as:

Pr = % Z 1X (i, ) — X (i, )2 /11X, ) |2, (2.11)

where X(i,:) is the ith row vector of gene expression data matrix X (i.e., the
expression profile of the ith gene. ||X(7,:)| is the Euclidean norm of the vector
X(4,:). Intuitively, the smaller the prediction error, the bigger the prediction power.
Wessels et al. [35] define the prediction power as:

where Eysp = —— Y1 | X(i,:) — X(4,:)||%. Obviously, the scale of X’s elements
influences the value of Fj;sg and further influences the value of Pp . For example,
one may always multiply by a smaller constant to decrease Fj;sp and thus increase
Pp while the model has no improvements. On the other hand, Pg in (2.11) is
invariant to the scale of X. Therefore, it is more reasonable to evaluate the models.
We will use the definition of the prediction error by (2.11) to evaluate the models.

3. Computational Experiments and Results

To evaluate the proposed model, we apply it to two gene expression datasets, and
compare the result to a previous model [37]. These two datasets are from Spellman
et al.’s experiment for studying cell cycle-regulated genes in yeast Saccharomyces
cerevisiae [33]. Dataset 1 consists of the expression data for 701 cell-cycle regu-
lated genes with no missing data at a total of equally-spaced 18 time points in the
a-factor-synchronized experiment. Dataset 2 consists of the expression data for 789
cell cycle regulated genes with no missing data at a total of equally-spaced 14 time
points in the elutriation-synchronized experiment. These two dataset is available at
http://genome-www.stanford.edu/SVD/.

Before PPCA, a loge-transformation as applied to all original intensity ratios
(Cy5/Cy3) of gene expression, and the expression profile for each gene was normal-
ized to have a median of 0 and a standard deviation of 1. Further we normalize the
expression values of all genes on each microarray so as to have a mean of 0 and a
standard deviation of 1. Thus in PPCA, we do not need to estimate the mean in
the PPCA model [24].

The maximum likelihood algorithm for PPCA [24] is employed to analyze the
two datasets. For a variety of number k of internal state variables, BIC(k) is cal-
culated by Eq. (2.6). Figures 2 and 3 depict the profiles of BIC with respect to
the number of internal variables for Datasets 1 and 2, respectively. With BIC, one
may conclude that 6 is the optimum number of internal variables for Dataset 1 from
Fig. 2 while 4 is the optimum number of internal variables for Dataset 2 from Fig. 3.

After the numbers of the internal variables are found, the expression matrices
of the internal state variables, Z’s, may be given by (2.6), and further so are the



State-Space Model for Gene Regulatory Networks 493

4500 T T T T T T T T

4000 F

3800 ¢

3000 +

BIC{Ek)

2600 F

2000 F

1500 L L L L L L L L
0 2 4 fi 8 10 12 14 16 18

Number of the internal variables {k)

Fig. 2. Plot of BIC with respect to the number of internal variables for Dataset 1.
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Fig. 3. Plot for BIC with respect to the number of internal variables for Dataset 2.

corresponding transformation matrices, C’s. Since these two datasets are collected
at equally spaced time points, the multivariate regression method [8] is employed
to determine the state transition matrices A, (7 =0,...,7) in the models from the
internal expression matrices, Z’s. In this work, we take Tmax = 1 for both datasets.
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To inspect the stability, the robustness, and the periodicity of these two inferred
gene regulatory networks for genes in these two datasets, we calculate the eigen-
values of the matrix 7" in (2.10) for inferred gene regulatory networks, respec-
tively. For Dataset 1 with 7. = 1, the matrix T in (2.10) has 12 eigenvalues: two
real numbers, 1.0073 and —0.4074; and five pairs of conjugate complex numbers,
0.6244+77574,0.7282+0.64987, —0.8580+0.05884, 0.14484-0.80837, 0.6498+0.40864.
All of these eigenvalues except for the first real eigenvalue lie inside the unit circle
in the complex plane. However, the first real eigenvalue is very close to the bound-
ary of the unit circle as shown in Fig. 4. This means that the inferred regulatory
network for genes in Dataset 1 is almost stable and robust. Furthermore, the dom-
inant eigenvalues of the network are two pairs of conjugate complex numbers and
a real number which are very close to the unit circle. Accordingly, this implies that
at the stable states, the network behaves periodically. This result is not surprising
because the genes in Dataset 1 are cell-cycle regulated.

For Dataset 2 with Tyax = 1, the matrix 7" in (2.10) has eight eigenvalues: two
real numbers, 0.5344 and —0.2357; and three pairs of conjugate complex numbers:
—0.8079 + 0.6862, 0.8268 4 49407, and 0.0480 4 0.8810i. All of these eigeinvalues
except for —0.8079 + 0.6862: lie inside the unit, but their modulus is 1.0600 and is
very close to the unit circle in the complex plane as shown in Fig. 5. This means
the inferred regulatory network for genes in Dataset 2 is almost stable and robust.
Furthermore, the dominant eigenvalues of the network are two pairs of conjugate
complex numbers which are very close to the unit circle. Accordingly, this implies
that at the stable states, the inferred network behaves periodically. Again, this
result is not surprising because the genes in Dataset 2 are cell-cycle regulated as
well.

Figures 6 and 7 depict comparisons of the internal state profiles estimated by
PPCA and predicted by the dynamic model (2.9) for two datasets. These figures
show that two kinds of profiles match very well for both datasets. Furthermore, to
quantitatively evaluate the state-space models with time delays, we also calculate
their prediction errors Pg, and compare against our previously proposed state-
space models without time delays [37]. The results of these calculations are listed
in Table 1, where the improvement is defined as

Pg (without time delay) — Pg (with time delay)
Pg (without time delay) '

From Table 1, the PREDICTION error of the space-state model without time
delays [37] is 0.0844, while the prediction error of the model in this paper is 0.0258
for Dataset 1. Comparing the state-space model without time delays, the state-
space model with time delays improved the prediction error by about 70% for
Dataset 1. Similarly, for Dataset 2 the state-space model with time delays improved

Py (improvement) = (3.1)

the prediction error by about 60%, as compared to the state-space model without
time delays. These results illustrate that the state-space model with time delays
outperforms the model without time delays [37] for gene regulatory networks.
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Fig. 4. The distribution of eigenvalues of the inferred gene network from Dataset 1.

Fig. 5. The distribution of eigenvalues of the inferred gene network from Dataset 2.

4. Conclusion and Discussion

This paper has proposed a state-space model with time delays for gene regulatory
networks. Applications of the presented model to two previously published gene
expression datasets has showed that some features of the models are consistent
with biological knowledge. For example, genes are regulated by some regulatory
internal variables [6, 37], and the inferred gene regulatory networks have stability,
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Fig. 6. A comparison of six internal state expression profiles estimated by PPCA and predicted
by the dynamic model (2.9) for Dataset 1. The solid line: estimated profiles; and the dash lines:
predicted profiles.

0.5
0
0.5
0
0.5
0
0.5
0
1
05
0
05 . . . . . ‘
0 2 4 g 3 10 12 14
1
0 R — - -
-1 1 1 1 1 L L
0 2 4 g 3 10 12 14
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by the dynamic model (2.9) for Dataset 2. The solid line: estimated profiles; and the dash lines:
predicted profiles.
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Table 1. Comparison of prediction power between the state-space
model with time delays and without time delays.

Pg Dataset 1 Dataset 2
Without time delays 0.0844 0.1286
‘With time delays 0.0258 0.0519
Improvement (%) 69.43 59.64

robustness [18, 22|, periodicity [21, 23] and time delays [13, 29], which are the
properties a real gene regulatory network has. Further, compared to the state-
space model without time delays [37], the space-state model with time delays has
more prediction power.

Compared to Boolean network models and differential/difference models, the
proposed model (2.1) has the following characteristics. First, genes are viewed
as observation variables rather than internal state variables. In fact, microarray
experiments provide us only information of observation variables (gene expres-
sion data), not direct information about the internal variables of a cellular sys-
tem. Therefore, the viewpoint in this model is more reasonable. Furthermore, this
viewpoint yields a lower computational cost for model identification as compared
to models such as Boolean network models [1, 2, 25, 32] and differential /difference
models [10, 12, 15]. Second, the proposed model takes into consideration time delays
in gene regulatory networks. Finally, from a biological angle, the proposed model
(2.1) can capture the fact that genes may be regulated by some regulatory internal
variables [6, 17].

It is interesting to compare the proposed model with the Bayesian network
model. Hartemink et al. [17] proposed a Bayesian network model for gene regulatory
networks. Their Bayesian network model permits the latent variables capturing
unobserved factors and employs the BIC to select the model. However, the latent
variables there are some known regulatory proteins, and the regulatory relationships
among genes and the latent variables in the candidate models are also known. For
many practical situations, such pieces of information are unknown. In addition,
with their model the number of model parameters exponentially increases with the
number of genes in a network. Thus the computational complexity of the model
identification prohibits their model to be applied to the network with a moderate
number of genes.

On the other hand, our model does have some shortcomings. For example, the
model is linear and can only capture the primary linear components of a biological
system, which may be nonlinear. However, with current scale of gene expression
data, it is too difficult (if possible) to construct a nonlinear model. In principle, any
nonlinear system can be approximated by a linear system. Studies have showed that
a linear model can capture some key characteristics of nonlinear gene regulatory
systems [16]. In the near term, the proposed model will be applied to more datasets,
and its biological features need to be explored further.
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In addition, one important exercise of future work is to study the biological
relevance of the internal variables. According to the principle of gene regulation
process [3], the internal variables should reflect the information of the regulatory
proteins, which involve the regulation process of genes in the network. Unlike the
Bayesian network model [17], such regulatory proteins are unknown in our model.
Fortunately, with advances in proteomics [26] it is possible to employ the expression
of proteins involving a gene regulatory process to investigate the biological meaning
of the internal variables in our model. This goal requires closer collaboration with
molecular biologists.

We cannot expect to obtain perfect gene regulatory network models, which can
completely explain organismal or suborganismal behaviors, from the current vol-
ume of gene expression datasets at this time. On the other hand, any subjective
assumptions-enforced models may result in misunderstanding (or misinterpreting)
organismal or suborganismal behaviors. Using the proposed model one may infer
sound generic regulatory networks (which are what data can tell us without any
subjective assumptions) from the current volume of gene expression datasets. We
believe that the model proposed in this paper, along with the results of the appli-
cations to two datasets, has advanced the art of gene regulatory network modeling
from time-course gene expression datasets.
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